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Abstract 

The Einstein relation describes the relation between the response of 
a system to a perturbation and its diffusivity at equilibrium. It states 
that the derivative of the velocity (with respect to the strength of the 
perturbation) equals the diffusivity. This paper consider the Einstein 
relation in the context of random walks in a balanced uniformly elliptic 
iid environment. We show that in our context, the Einstein relation is a 
consequence of the convergence of stationary measures. Our argument 
is based on a new regeneration structure for the random walks in the 
perturbed environment. 

1 Introduction 

In the 1900s, Einstein [H pp. 1-18] investigated the movement of suspended 
particles in a liquid under the influence of an external force. He established 
the following linear relation between the diffusion constant D and the mo- 
bility (i.e. the ratio between the effective velocity and the force) fj,: 

D fl. 

Recently, there has been much interest in studying the Einstein relation 
for reversible motions in random media, see [13\ [HI l6l [Tj. So far, little work 
has been done in the non-reversible zero speed set-up, e.g. random walks in 
random environments (RWRE). The purpose of this article is to prove the 
Einstein relation for random walks in a perturbation of a zero-drift random 
environment, i.e, the derivative of the velocity with respect to the size of the 
perturbation converges to the diffusivity constant of the environment. 

In this section, we will first define the model of RWRE and then formu- 
late the problem. 
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An environment : Z*^ x {e G Z'^ : |e| = 1} — t- [0, 1] is a function that 
satisfies 

^ uj{x,e) = 1 

e:\e\ = l 

for all X G U^, where | • | denotes the /^-norm. We endow the set of all 
environments with a probability measure P. The random environment is 
called balanced if 

P{uj{x, e) = uj{x, — e) for all x, e G Z^) = 1, 

and uniformly elliptic if w > k for almost every cj and some k > 0. 

The random walks {Xn)n>o in the random environment w is defined to 
be the Markov chain with transition probability P^j specified by 

P^iXo = x) = l, 

P^{Xn+i = y + e\Xn = y)= uj{y, e). 

The measure P^ of the paths under a fixed environment u is called the 
quenched law. The average over all quenched environments, P P^, is 
called the annealed law. Expectation with respect to P^ is denoted by E^. 
For oj £ Q, set 

uj^ = (a;(x,e))|^|^^. 

Define the spatial shifts {^^}ygz<* on J7 by {9yu))x = uJx+y We say that the 
random environment is iid if the probability vectors {^x)x&'^ ^^^^ indepen- 
dent and identically distributed. 
For t > 0, let 

Xi=XLij+(t-LtJ)(XLij+i-XLij). 

Lawler [TT] proved a quenched invariance principle for random walks in an 
ergodic (ergodic with respect to the spatial shifts), balanced and uniformly 
elliptic random environment. Namely, for P- almost all a;, the P^j law of 
{\Xiix2)t>o converges weakly to a Brownian motion with covariance matrix 

D = {2EQUj{o,ei)6ij)i<ij<d 

as A 4 0, where Q is an ergodic initial measure for the "environment viewed 
from the point of view of the particle" process 

a)„ := e^"uj, n > 0. 

See [71 pages 211-212] for the construction of the measure Q. (For random 
walks in iid balanced environment, it is shown in [7] that the invariance 
principle still holds assuming only ellipticity, i.e., cj > for P-almost every 



2 



a;. Berger and Deuschel [2] have further generaUzed the result to the non- 
elhptic case where the environment is "genuinely d-dimensional" .) 

Now we are ready to consider the random walks in a perturbation of the 
balanced environment. Throughout this paper, we assume that the envi- 
ronment P is iid, balanced, and uniformly elliptic with ellipticity constant 

K>0. 

For A G (0, 1) and a fixed direction 

define the perturbed environment of G by 

co^(x, e) = (1 + Xi- e)oj{x, e). 

We denote the annealed probability measure of the perturbed environment 
by Fx ■= P ^ P°\ and let denotes its expectation. Since u:^ satisfies 
Kalikow's condition (see (0.7) in [l5])> it follows from [15| Theorem 2.3] that 
there exists a deterministic constant vx G such that 

lim — = Vx, P^-almost surely. 

t^oo t 

Moreover, it follows by [15., Theorem 3.1] that: 

As n — 7- oo, (under the law Fx) converges weakly to an in- 
variance measure Qx for the process (ti;j)igN- 

Notice that under Fx, ('^„)„>o is the process of balanced environments viewed 
from the point of view of particle in the perturbed environment, and so Qx 
is supported on the set of balanced environments. 
The following mobility-diffusivity relation 

hm ^=&i (ER) 
A^o A 

is called the Einstein relation for the RWRE. 

In this paper, we will provide a new interpretation of this relation. 
Namely, for random walks in balanced random environment, the Einstein 
relation is just a consequence of the convergence of the invariance measures 
Qx to the equilibrium measure Q. Indeed, since the drift of uj^ at x £ TL'^ is 

d 

^ ij?-{x, e)e = A ^ 2bj{x, eiYiCi := \D{e''uj), 

e:\e\=l i=l 

we get that 

n 

Yn:=XY,D{oJ^-i)-Xn (1) 

i=l 
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is a P^A -martingale with bounded increments, and so Yn/n — )■ 0, P^^A-almost 
surely. Therefore, P;^-almost surely. 



^ n— 1 

vx = \ lim -Ea V D{Cji) = XEq^D. (2) 

71— >CXD 77, ■'^ ^ 

i=0 

Since = {2EQUj{o,ei)ii)i<i<d = EqD, the Einstein relation (ER) is an 
immediate corollary of the following theorem: 

Theorem 1. Assume that the environment is iid, balanced, and uniformly 
elliptic and the measures Q and Q\ are defined as above, then 

Qx =^ Q as A — )• 0, 

where =^ denotes weak convergence. 

The main purpose of our paper is to prove this theorem. 

Since the space Vt of the environment is compact under the product 
topology, to prove Theorem [U it suffices to show that limA-!>o^QA/ ~ -^q/ 
for all / : — )• M such that 

/ is a{ujx ■ \x\ < A^j) -measurable and |/| < Af (3) 
(P-a.s.) for some constants Nf > 1 and Aj. 

Our proof of Theorem [1] consists of proving the following two theorems: 

Theorem 2. Assume that / : i— )• M is L^{P). Then, for P -almost every 
uj and any t > 0, 

^2 rvA^i 



A^O t 

1=0 



Theorem 3. Assume the environment P is iid, balanced and uniformly 
elliptic. Then for any f that satisfies 



y2 rt/A^l 
^ 1=0 



<—rj^ VAG(0,l),t>0. 



Our proof of Theorem [2] is an adaption of the argument of Lebowitz and 
Rost [13] (see also [H Proposition 3.1]) to the discrete setting. 

For the proof of Theorem [3l we want to follow the strategy of Gantert, 
Mathieu and Piatnitski [6J. Arguments in the proof of [6, Proposition 5.1] 
show that if we can construct a sequence of random times (T„)„gN (called 
the regneration times) that divides the random path into iid (under the 
annealed measure) pieces, then good moment estimates of the regeneration 
times yield the Einstein relation. In a heat kernel estimate |6i Lemma 
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5.2] for reversible diffusions is crucially employed in the construction of the 
regeneration times. However, due to the lack of reversibility, we don't have 
a good heat kernel estimate for RWRE. In this paper, we construct the 
regeneration times differently, so that they divide the random path into 
"almost iid" parts. Moreover, our regeneration times have good moment 
bounds, which lead to a proof of Theorem [3l The key ingredients in our 
construction are Kuo and Trudinger's [9j Harnack inequality for discrete 
harmonic functions and the "e-coins" trick introduced in [3j. 

The structure of the paper is as follows. We will prove Theorem [5] in 
Section [2j In Section [3l we present our new construction of the regenera- 
tion times. Furthermore, we will show in Section H] that these regeneration 
times have good moment properties. Section [5] is devoted to the proof of 
Theorem [3l 

Without loss of generality, we assume ii = £ • ei > throughout the 
paper. 

2 Proof of Theorem [2] 

Proof: We first consider the Radon-Nikodym derivative of the measure P^^x 
with respect to P^j. For s > 0, put 

G{s,X) = G{s,X;X.) := log J][l + (X, - 

i=i 

Then, for any measurable function F on C([0, s], M'^), 

E^xF{Xr : < r < s) = E^F{Xs : < r < s)e^^''^\ 
In particular, 

i?^e«M)=i?,.[l] = l (4) 
for any A E (0, 1) and s > 0. Moreover, by Taylor's expansion, we get 

A) = ^ log(l + U ■ {X, - 
i=i 

= E 



M ■ {X, - - ^ ^ \ ' 



y2 
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where the random variable H{X) = H{X;X.) satisfies < H < A/3. Setting 
K^) = Eti^(o,ei)^?, 

n 

Y,{^-{X,-X,^,)f-2h{ux,_-, 

/ n>0 

is a martingale sequence with bounded increments. Thus Poj-almost surely, 



1 " 
lim — y 



0. 



Further, recall that Q is the ergodic initial measure for the sequence (a)n)n>o 
(under the balanced environment uj) and Q ^ P. Hence by the ergodic 
theorem, P-almost surely, 

lim V (£ • {Xj - Xj_i)f = lim A^ V 2/i(wj_i) = 2tEQh (6) 

A — ^0 A — ^0 

and 

Sa^ ^ /('^0 = ^q/- (7) 

i=0 

Recall that by the quenched invariance principle [3 Theorem 2] for balanced 
environments, {XXg/x'2)s>o converges weakly (under P^^) to (iVs)s>o. Hence, 
by dS]), (HI), d?]) and the invariance principle, for P-almost all co, 

^ /(^Oe^^*/^^'^) (8) 

converges weakly (under P^) to 

{EQf)exp{Nfe-tEQh). 

Next, we will prove that for P-almost every cj, this convergence is also 
in L^{Pi^). It suffices to show that the class (e^^*/"^ ''^^)Ae(o,i) is uniformly 
integrable under P^^, P-a.s.. Indeed, for any 7 > 1, it follows from ([5]) and 
the estimate on -ff(A) that 



lG{t/X^,X) 



(^2 _ ^^^2 rvA^i 



<G(t/A^7A)+ ^^ {e-{X,-X,^,)y+jX'\t/X']H{X) 

2 I ^,2/ 



<G(t/A^7A) + 7'(t + l). 
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Hence for 7 > 1 and all A € (0, 1), 



which implies the uniform integrability of (e'^^*/'^^'''*^)AG(o,i)- So the L^{Pu) 
convergence of ([5]) is proved and (for P-almost every w) 



lim 



i=0 



{EQf)E[eMNfe-tEQh)]. 



The theorem follows by noting that tEqh = E{Nt ■ i)'^/2 and that 
E[ex.p{Nt • £ - E{Nt ■ if = 1. □ 

3 Regenerations 

3.1 Auxiliary estimates 
Let 

Ai :=0.5/r(2A£i)-il 
so that 0.5/Ai is an integer and 

1 1 1 



2Xh - 2Ai 2Xh 

For any n G Z, 2; € Z*^, call 

nl = e) ■.= {y ^^Z" ■.{y-x)-ei= n/Ai} 

the n-th level (with respect to x). Denote the hitting time of the n-th level 
by 

Tn = Tn{X.) := inf{t > : (X* - Xq) • ei = n/Ai},n G Z. 

Also set 

T±o.5 := mf{t > : (Xt - Xq) • d = ±0.5/Ai}. 

Since £i > 0, the random walk is transient in the ei direction. Thus (T„)„>o 
are finite P^a -almost surely. 

Proposition 4. For any n,m & Z+ and any balanced environment uj, 

1 — q"^ 
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Proof: Observe that the jumps of (X„ • ei)„>o are lazy random walks 
on Z, with the ratio of the probabilities of left-jump to right-jump equals 
(1 - Ml) /{I + X£i). Hence for i,j G Z+, 



^ \ 1+A^i ) 

where ■= inf{n > : (X„ — Xq) ■ ei = k},k €z Z. The proposition follows 
by noting that T„ = T^/x-^ ■ □ 

Lemma 5. For all A G (0, l),m G N and any balanced environment oj with 
ellipticity constant k G (0, l/{2d)), if t > 2m/ k., then 

P^^{T^>t/\l)<e~'^"'\ 

Proof: Recall the definition of 1^ in ([1]). Note that 

Yn • ei > 2K\in — Xn ■ ei. 

Since • ei is a P^a -martingale with increments bounded by 2, we get 

0(rm>i/A?) 

< P,A(yLVA?J • ei > 2K\i[t/\l\ - m/Ai) 



< 



where we used Azuma-Hoeffding's inequality in the second to last inequality. 

□ 

Proposition 6. There exists a constant Cq = Co{n,d) > such that for 
any balanced environment u with ellipticity constant k > 0, 



Proof: Since 



P^x{ max > Co/Ai) < 0.5. 

0<s<Ti 



max iXgl < max lYgl + ATi, 

0<s<Ti 0<s<Ti 



we have 



P,A(^maxjX,| >C/Ai) 

< P^A(ri > 1/Xl) + max inl > C/Ai - A/A?). 

0<s<_/i 

The Proposition follows by Lemma [5] and by Azuma-Hoeffding's inequality. 

□ 
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3.2 Harnack inequality and its application 

Let a be a nonnegative function on Z'^ x 'L'^ such that for any x, a(a;, y) > 
only if X and y are neighbours, i.e., |x — y| = 1, denoted x ~ y. We also 
assume that 

y 

Define the linear operator La acting on the set of functions on by 

L,/(x) = ^a(x,y)(/(y)-/(x)). 
y 

Set 

y 

and 6o = sup \ h\. 

We assume that La is uniformly elliptic with constant k S (0, That is, 

0(2;) y) ^ 1^ for any x, y such that x ~ y. 

For r > 0, X G M'', let Br{x) = {z £ Z'^ : \z - x\ < r}. We also write Br{o) 
as 

The following Harnack estimate is due to Kuo and Trudinger [9l Theorem 
3.1]. See the Appendix for its proof. 

Theorem 7 (Harnack inequality). Let u be a non-negative function on Br, 
R>1. If 

LaU = 

in Bji, then for any a S (0, 1) with R(l — a) > 1, we have 

max u < C min u, 

where C is a positive constant depending on d, k, a and hQR. 

With the Harnack inequality, we have 

Lemma 8. There exists a constant c\ G (0, 1] such that for any A G (0, 1), 
X G Z^ and balanced environment uj, 

P:.{Xt, = ■) > c,P^t'-'''/'^{XTo., = -1^0.5 < r_o.5). (9) 
Proof: For any x G Z'^, let 

:= {yGZ'^:(y-x) -61=0.5^1}. 
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Fix w G Tif. Then the function 

f{z) := P^x{X. visits Hi for the first time at w) 

satisfies 

for all z G {y : (y — x) ■ ei < 1/Ai}. By Theorem [7] (in this case a = uj'^,R = 
0.5/Ai and 60 < A), there exists a constant C2 such that for any y,z £ 5 
with I2: — y| < 0.5/Ai, 

f{z) > C2f{y). 

Hence for any z £ 'Hq^ such that \z — {x + 0.5ei/Ai)| < Cq/Ai, we have 

/(^) >C2''V(^ + 0.5ei/Ai). (10) 

Therefore, 

PJ. {Xt, =w)> O = y)Pl (^To.5 = ^) 

\y-x\<Co/\ 

i Tiot , „ K /\ 

> CPJ.(|Xto.3 - x| < Co/Ai)P^T^^^/'n^To.5 = ^) 

where in the last inequality we used the facts that (by Proposition ED 

p:.(.\Xt,,,-x\<Co/Xi)>1 

and 

3.3 Construction of the regeneration times 
Let 

/^:m(-) = pT'''^''{Xt,., = -1^0.5 < r_o.5). 

Recall that ci is the constant in Lemma [8j For any /3 G (0, ci), we set 

/^:^o(•) = ■■= [0(^T, = •) - /3/.:^.,i(-)] /(I - 

Then by dH), both ^i^;^ ^ and ^ are probability measures on T^g 5 and 
P^^iXr, =u)= Pf^:,^,iu) + (1 - /3)m:a,oM- 
For any O G o-(Xi, X2, XtJ, x G Z'^ and i G {0, 1}, put 

^=E[^^SM(y) + (l-^K^o(y)]0((^I^T. =y). (11) 
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Notice that under the environment measure P, 

is independent of 17(0;^ : y • ei < x ■ ei). 

Now we wiU define the regeneration times. 

We first sample a sequence (ej)i^i G {0, 1}^ of iid Bernoulh random 
variables according to the law defined by 

Qp{e^ = !)=/? and Q/sie, = 0) = 1 - /3. 

Then, fixing e := (ei)^i, we will define a new law -P^^a on the paths as 
follows (see Figure [T]). For x G Z'^, set 

O,.(^o = x) = 1. 

Assume that the P^x ^-law for paths of length< n is defined. For any path 
i^i)7=o with xo = X, define 

P^^^e(-^n+l = Xn+1, ■ ■ ■ , Xq = Xq) 

■= Pu,e(.^I = XI,.. .,Xo = Xo)u^i^^^{Xn+l-I = Xn+1, ■ ■ ■ , Xi = 

where 

J = J{xo, ...,Xn) := max{i > : nf H {xi,0 < i < n} / 0} 

is the highest level visited by (xj)"^o 

I = I{xo, . . . , Xn) ■= min{0 < i < n : Xi £ 7ij°} 

is the hitting time to the J-th level. By induction, the law P^^ ^ is well- 
defined for paths of all lengths. 



Go to the next level, following law ^uj^^i 

Go to the next level, following law i^ui^fi 

Figure 1: The law P^\ ^ for the walks. 

Note that a path sampled by P^^ ^ is not a Markov chain, but the law 
of X. under 
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coincides with . That is, 

0(XG.) = 0(^-e-)- 

We denote by Pa = Pa,/3 := P ® Puj\i3 the law of the triple (w,e,X). Ex- 
pectations with respect to P^x and Pa are denoted by E^^ and 1Ea(= ^x^p), 
respectively. 

Next, for a path {Xn)n>o sampled according to P"^ ^, we will define the 
regeneration times. See Figured] for an illustration. 





Keep walking until reaching a level where the coin is "1" 






\ 


r 






Proceed to the next level (following and ask: 

will the path backtrack to the previous level in the future? 




N 


Get a regeneration 



Figure 2: The definition of a regeneration time. 
To be specific, put 5*0 = 0, Mq = 0, and define inductively 
Sk+i = inf{T'„+i : n/Ai > A4 and e„ = 1}, 

Rk+i = Sk+i + r_i o ^Sfe+i, 

Mk+i = Xs,+, -61 + No es,+, , k>0. 
Here On denotes the time shift of the path, i.e, 6nX. = {Xn+i)^Q, and 
N := inf{n/Ai : n/Ai > {Xi - Xq) ■ ei for aU i < T^i}. 

Set 

K := mi{k > 1 ■ Sk < oo, Rk = oo}, 
Ti := Sk, 
and Tfc+i = Tfc + Ti o . 

We call (rfe)fc>i the {/3-) regeneration times. Intuitively, under P^x, whenever 
the walker visits a new level 7^,, i > 0, he flips a coin e^. If = (or 1), he 
then walks following the law i/^a q (or i^^a i) until he reaches the (i + l)-th 
level. The regeneration time ri is defined to be the first time of visiting 
a new level Tik such that the outcome e^-i of the previous coin-tossing is 
"1" and the path will never backtrack to the level Tik-i in the future. See 
Figure [3l 
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4/Ai 



2/Ai 




A 



Figure 3: In this picture, K = 2,Xr^ = 5/Ai,Mi = 4/Ai. 

3.4 The renewal property of the regenerations 

The regeneration times possess good renewal properties in the foUowing 
sense: 

1. Since the ratio of the probabihties of left-jump and right-jump of the 
lazy random walks {X^ ■ ei)„>o (in Z) is (1 — A^i)/(1 -|- A^i), the law 
of {X-T^ ■ ei)n>i does not depend on the environment oj. (Indeed, if we 
only observe the chain (X„ • ei)„>o at the times when it moves and 
forget about its laziness, we get a random walk on Z with probabilities 
(1 — Xii)/2 and (1 -|- X£i)/2 of jumping to the left and to the right, re- 
spectively.) Furthermore, under P^^x, the inter-regcncration distances 
(ei • Xj--^ o 9r„)^=i in the direction ei are iid random variables which 
are independent of Xt^ ■ ei, and 



P^x{ei ■ Xr, o Or^ G •) = ^1;a(X^i • ei G •|T_i = oo),n > 1. 
2. For A; > 0, define 



and 



Sk+i '■= inf{r„ -.n/XyMk and e„ = 1}, 

fi := Sk, 



Note that for A; > 1, 



and 



Sk = Sk + Ti o 

■ ei = Xf^ ■ ei -I- 1/Ai. 
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Conditioning on = x, the law of Xt-^. is fi^x which is independent 
(under the environment measure P) oi a{ujy : y-ei < x-ei). Moreover, 
after time r^, the path will never visit {y : y ■ ei < x ■ ei}. Thus 
the movement of the path after time is independent (under Pa) of 
(X„)„<fj., and therefore, we expect 

(n o Or^)k>i 

to be iid random variables under ¥x. See Proposition [10] for a rigorous 
proof. 

3. Although (Xt-j o 0^^)j.yi and (fi o 9rf,)k>i are both iid sequences, the 
inter-regeneration times (ti o 9r,,)k>i are not even independent. How- 
ever, letting 

Afe := Ti o Ox^f^ = Tfc - ffc for A; > 1, 

we can show that for every k > 1, A^A^, is bounded by a constant 
plus an exponential random variable. So is much less than ri o 0^^ , 
which is roughly C/(/3Af) (as will be shown in Proposition I14p. In 
this sense, the inter-regeneration times ti o 0^^ are almost iid if /3 is 
sufficiently small. 

The rest of this subsection is devoted to the proof that (fi o 6rf,)k>i are 
iid (Proposition llUp and that A^'s are dominated by iid random variables 
of sizes 1/ (Proposition [TT]l . 

We introduce the u-field 

Gk '■= <^{^k-, {Xi)i<fkJ i'^y)y-ei<Xf^-ei) ■ 

Lemma 9. For any appropriate measurable sets i?i,i?2 CLnd any event 

B := {{Xi)i>o G Bi, {ujy)y.ej>-i/x-^ G -B2}, 
we have for k > 1, 



FxiBoerJGk) 



Ep [ Ey i^.Miy)P^x {B n {T_i = 00})] 



EpXyl^.M{y)P'^.{T~i = ^)] 
Here On is the shift defined by 

Bo6n = {iXi)i>n G Bi, (Wy)(y_x„)-ei>-l/Ai ^ B2} . 
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Proof: For simplicity, let us consider the case k = 1. We use 0" to denote 
the shift of the e-coins, i.e., = {ei)i>n- For any A £ Qi, 

= Ep^Q^[ P^x^^{An{Sk <oo,Rk = oo,X^^ =x}nBoesJ] 

k>l,x 

= Ep<^Qf,[ Yl Pu^\eiAn{Sk<oo,X^^=x})u^,^^{XT,=x + y) 

k>l,x,y 

Note that in the last equality, 

P^x^,{Ari{Sk < oo,Xg^=x}) 
is cr[{ei)i<k, {^z){z-x)-ei<o}- measurable, whereas 

^^MiXn = X + y)P:t'e.+.,{B n {r_i = oo}) 

is <T((ei)j>fc+i, i^z){z-x)-ei>o)- measurable for y G Tif. Hence they are inde- 
pendent under P ® Qp and we have 

Pa (5 o Or, n A) (12) 

= Y ^a(^ n {~Su < oc})Ep[Y'^uMiXT, = v)Pl. {B n {r_i = oo})] . 
fc>i y 

Substituting B with the set of all events, we get 

Pa(^) = Y^Mr^CSk < ^})Ep[Yf^.M{y)P'^.{T^i = oo)]. (13) 

k>l y 
(fT^ and yield that 

Ep [ Ey i^.\MPl. {B n {r_i = oo})] 



¥x{Boer,\A) 



^p[E,/^.M(y)^!.(r-i = oo)] 



The lemma is proved for the case k = 1. The general case k > 1 follows by 
induction. □ 
The following proposition is an immediate consequence of Lemma [9j 

Proposition 10. Under T\, fi,fi o 0,-^,...,fi o 0^^,... are independent 
random variables. Furthermore, (fi o ^T-fc)fc>i are iid with law 



Ep[Y.yk^.\MPl.{n e •,r_i = oo)] 
Ep[Y.yt^u.M{y)P'^.{T-i = ^)] 
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Note that although the inter-regeneration times (ri o OT-^)k>i are not 
independent. However, the differences between ri o 0^^ and fi o O^^^k > 1 
are controlled by iid exponential random variables. Indeed, for any x S 
Z'^,i > 2/k , 

y 

< E O (^T. = y)P:. (A?ri > t = y) 
y 

1 r, Lemma^ ,2/0 

= cr^PJ,(A?ri>t) < c^'e~'^'/\ 
Hence for A; > 1, 

P^.,,(A?Afc > t\X,,i< n) = ^^J\(A?ri >t)< c^^e-*«'/^ 



which implies that Af is stochastically dominated by an exponential ran- 
dom variable (with rate plus a constant C2 := 2/k — 8k~^ logci. Thus 
we conclude: 

Proposition 11. Enlarging the probability space if necessary, one can couple 
(Afc)fc>i with an iid sequence {$,k)k>i such that each is the sum of C2 and 
an exponential random variable with rate k^/S, and that 

AiAfc < ^fc, for all k > 1. 

Therefore, for any n > 1, 

n— 1 n— 1 n 

1=1 i=l i=l 

4 Moment estimates 

Set To = 0. We will show that the typical values of ei • Xi o 6^^ and r o 0^^, 
A: > are C/(/3A) and C/{(3X^), respectively. 

Theorem 12. Then there exists a constant C3 > such that for any elliptic 
balanced environment u and any A,/3 G (0, 1), 

E^x exp(c3/3AiX^i • ei) < C. 

Proo/.- For < A; < K - 1, set 

Lk+i = mi{n > XiMk : e„ = 1} - AiM^ + 1. 
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Then Li is the number of coins tossed to get the first '1' and 

Xs^ ■ ei = Li/Xi. 
Moreover, for 1 < /c < — 1, let 

Nk = Noes,. 

Then 

{Xs,+,-Xs,)-ei = Nk + Lk+i/Xi, k>l. 

So 

K K-1 

Xr,-ei = Y,Li/\i+Y,Ni. (15) 

i=l i=l 

First, we will compute the exponential moment of Li,i < K. Since 
(Lj)j>i depends only on the coins (ei)i>o, it is easily seen that they are iid 
geometric random variables with parameter f3. Hence for any s S (0, 1) 
(note that (1 - f3)e'>^ < e'^^-'^^ < 1), 

n=0 ^ ' ' 

Next, we will compute the exponential moment of Ni,i < K — 1. By 
Proposition SI putting 



Pa := 0(^-1 = oo) = 1 - ^A, 



we have 



P,.(iV = (n + l)/Ai) 

= p^,{Tn < r_i) - p^>.{Tn+i < r_i) 

= ^^-^^<gr\ n>0. 

Observe that conditioning on K, {Ni)i<i^K are iid under P^\. Hence 

P^,{Ni = (n + l)/\i\K >i)= P^.{N = (n+ l)/Ai|T_i < oo) < q^, 
and for s £ (0, 1), 

^,.[e^^'^^'|i^>i]< . 't/^ . (17) 
1 — e^Pqx 

Finally, note that under P^\ = Qp ® P°x ^, if is a geometric random 
variable with success parameter p\, and (Lj)i<i<_ft: and {Ni)i<i<_K are iid 
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sequences when conditioned on K. Therefore, by ()15p . ()16p and (|17p . for 

SG(0,1), 



(1 - s)^4 -e*/5gA 

oo 



n=0 



{l-s)il-e^Pqx) 



The theorem fohows by taking s smah enough and noting that qx < e ^. □ 
Corollary 13. For P-almost every uj and any A,/3 G (0, 1), 

0(/5A?Ti >t) < Ce-^*. 
Proof: By Lemma [5] and Theorem 1121 ^oi any n < Kt/{2f3), 

< P^xiXr, ■ ei > n/Ai) + P^xi^XlTn > t) 



The Corohary fohows by taking n = [t/f3\. 

It fohows from Corollary [13] and Lemma [9] (and noting that P^a(T_i 
oo) = px> 1/2) that for A; > 1, 



□ 



:i8) 



Hence by Theorem [T2l Corollary [13] and (|18p . we conclude that for any 
p > l,k > 0, there exists a constant C{p) < oo such that 



tx{f3Xlnoer,r <C{p), 
and ExiPXiXr, o Or.r <C{p). 

Moreover, since PA-almost surely, 

vx - ei= hm , 

by (jlip and the law of large numbers, we have 

Ex[ei ■ Xr, o Or,] ^ ^Ex[ei-Xr,o^ 
2 < • ei < — sr-F — TT" 



(19) 
(20) 



Ex[fio0,^] + ECi/Xl 
Proposition 14. For any A,/3 G (0,1), 

EA[no0,J > 



(21) 



C 



(22) 



18 



Proof: By the definition of Lj , z > 1 , we get 

Ex[ei-Xr,oe,^]>ExLi/Xi > 



/3Ai 



(23) 



On the other hand, by ([2]), vx • ei < X for all A € (0, 1). This, together with 
(121]) and dSD, yields 



EA[rio0,J + E6/A? > 



C 



RecalHng (see Proposition [TT|) that E^i < C2 + S/k? , display ([22]) is proved 
for (3 < (0,/3o), where /3o is a sufficiently small constant. 

It remains to prove ([22]) for /? G [/3o, 1). Since (|^nP — n)n£N is a martin- 
gale, we get EaTi > EaTi = EaUXti P] > 1/Af . Our proof is complete. □ 



5 Proof of the Einstein relation 

For n > 1, let a„ = «„(/?, A) := Eat^. Note that by and ([22]), 

Cn C(l)n 



^A2 - - /3A2 ■ 
Lemma 15. Let f be a function that satisfies Then 



(24) 



^Qxf 



1 



EATn 



-E> 



j=0 



< CiV/yl/(/3 + l/n) Vn e N,A,/3 e (0,1). 



Proof: The Lemma is trivial when n < A^j, so we only consider n > Nf. 
Recall that tq = 0. For k >0, set 

•'"fc+i— 1 

^fc = ^fc(/)= Yl ^(^^)' 
^fc = ^fc(/)= Yl ^(^^)- 

Then, (^Ar^+fc)fc>o is an A^j-dependent sequence with identical distribution 
under Pa, and 

Zk<Zk<Zk + Af^k/X^ PA-a.s. (25) 

Hence, for n > Nj, 



< 



SLd Zk 



(n - 1)Ea [n o 9r, + C/Af] + Exn ~ Ext^ 
(n - Nf)Ex[ZNf + CAf/Xj] + AjONf 



(26) 



< 



(n - l)EA[fi o Or,] 



19 



On the other hand, since the ¥x-\aw of a;„ converges weakly to Qx, we have 



n— 1 



Qxf= hm Ea[- 

n—^oo '-n ^ — ^ 



(27) 



1=0 



By (|25p and the law of large numbers for finite-dependent sequence, 



Ex[fio9,^] + C/\l -n- 



k=0 



(28) 



The lemma follows by combining (j26p . (j27p and (j28p and using the moment 
bound (El). □ 



Lemma 16. Let f be a function that satisfies ([3]). Then 



1 



-E 



x;/(^.)-E/(^ 



1 



<CA/(/3 + ^) Vn G N,A,/3 G (0,1). 



i=0 1=0 

Proof: Noting that the left hand side is less than 

j\^f _ J^f 

^EA|r„ - a„| < --^v^Varrn, 



it suffices to show 
Indeed, put 



Varr„ < {Cf3'^ + C/n)al. 



(29) 



n-l 



An := fi + E fi o 0^^ 

1=1 

and Bn := + XliLi Then by ([HD, we have An < Tn < Bn- Thus 

A„ - ^xAn - Cn/\^ <Tn-an<Bn- E^Sn + Cn/A^. 

Moreover, 

^„ - ExAn - C^an <Tn-an<Bn- ExBn + C/3a„, 

and so 

Var < Ea(A„ - ExAn - C^an? + Ex{Bn - ExBn + C/Sanf 
= Var An + Var 5„ + C/J^a^. 

Since (recall Proposition llOp 

Var An = Var n + (n - 1) Var n o < Cn(/3A2)-2 
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and 



Var5„ < 2(Var A„ + Var(^^i/A?)) = 2Var A„ + Cn/Af < Cn{/3X 
we conclude that 



2\-2 



i=l 



Varr„ < Cn{/3X^)-^ + C/3q^. 
This completes the proof of ()29p . 



□ 



Proof of Theorem O' 

Since the left side is uniformly bounded (by 2Af) for all t, it suffices to prove 
the inequality for all sufficiently large t. Let 



and set n = n{t, A) to be the integer that satisfies 



(30) 



/ t 

By ()24p . the existence of n{t,X) is guaranteed (since i is large). Moreover, 

n>Ctl3 = Ct^/'K (31) 

Since 

t/X 



A-^ - 1 - 

i=0 i=0 



< 



A2 



t/A2 



i=0 



1=0 



+ 



,A2 



-)E,j]/(^,: 



j=0 



A2 



1 



1 



<Af[ — EA[a„+i - an] + 

\t an an+i 



Or 



combining Lemma [TSt Lemma [T6l and the above inequality, we conclude that 
if t is sufficiently large, then 



A 



2 



Qxf - -Ea f{oJi) 



i=0 



tp n 



□ 
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6 Discussions 



1. Our arguments also work for non- nearest neighbour walks (with bounded 
size of jumps) in finite-dependent balanced environment. 

2. Is the ER also true for mixing environments? 

3. If we drop the uniform ellipticity assumption and assume only elliptic- 
ity, is the ER still true? Further, is it true for non-elliptic 'genuinely 
d-dimensional' balanced environment (see [2] for the definition)? 

4. Is vx a monotone function of A in an appropriate sense? 

5. If the perturbation of the environment is not proportional to the orig- 
inal environment, what is dvx/ dA? 

6. If the original environment is ballistic, what do we expect? 

7. Can we get a Harnack inequality when the environment is non-elliptic 
'genuinely d-dimensional' ? 
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8 Appendix: Proof of the Harnack inequality 

The purpose of this chapter is to present the proof the Harnack inequality 
(Theorem [7]) for discrete harmonic functions. The Harnack inequality was 
used in Section [3] to construct the regeneration times. These inequalities are 
due to Kuo and Trudinger [S]. For the purpose of self-containedness, we will 
give the complete proofs of these estimates. We follow the arguments in [9], 
adding to it some extra details. 

Recall the definitions of a. La, b, bQ and the ellipticity assumption in Sec- 
tion [321 



8.1 Maximum principle 

For any bounded set E C Z,'^, let dE 
E = E[J dE and diam(£') = max{|x ■ 

Theorem 17 (Maximum principle). 

function on E. For x €z E, define 

I^{x) = {s e M'^ : u{x) - s 



:= {y ^ E^ : X ^ y for some x G E}, 
-y\oo-x,ye E}. 

Let E <Z he hounded and u be a 
■ X > u(z) — s ■ z,\/z £ E}. 
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If 

LaU{x) > -g{x) 

for all X ^ E such that Iu(x) = Iu{x, E, a) ^ 0, then 

maxu < Cdiam(£^)( ^ 1^1'^)^'^'^ + maxtt, 

where C is a constant determined by d,K and bQdiam(E). 
Proof: Without loss of generality, we assume g >0 and 
maxu = u(xo) > maxu 

E ^ ' dE 

for some xq G E. Otherwise, there is nothing to prove. 
For s such that 

|s|oo < [u-ixo) — max'u]/(d diam 
BE 

=: R = R{u,E), (32) 

we have 

u{xo) — u{x) > s ■ {xq — x) 

for all x G dE, which implies that max^.^^ u{z) — s ■ z is achieved in E. 
Hence s € Uxe£;-^"(^) cube 

Qr := {x : \x\oo < -R} C IJ Iu{x). 

xeE 

For any p ^W^, set 

where > is a constant to be fixed later. Noting that for any x E E, 
Iu{x) C M'' is bounded and closed, we can choose Px G Iu{x) so that 



Then 



Thus 



\Px\= min 



f{px) = max f{p). 

P&Iu{x) 



I f{s)ds< [ f{s)ds< Yl 



f{Px)\Iu{x)\, (33) 

x:Iu{x)ii.<l> 



where |/u(x)| denotes the Lebesgue measure of Iu{x). 
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Further, we will show that for any x £ E with Iu{x) 7^ 0, 
\Iu{x)\ < {2/K)%{x) + b{x)p,f. 
To this end, we fix an x G -E with Iu{x) 7^ and set 

w{z) = u{z) — Px{z — x), Vz G E. 
Then w{x) > w{z) for all z G £^ and 

Iu{x) = Iyj{x) +Px. 

Since for any q G Iw{x) and i = 1, . . . , d, 

w{x) - w{x ± ei) > ^Qi, 
we obtain (by the ellipticity and by w{x) > 'w{z), Vz G E) 

< K\q\oo < ^ a(x, y){w{x) - w{y)) 
y 

= -LaU + b{x)px 
< g{x) + b{x)px. 



Hence 



and 



T f \ ^ \-9{x) - b{x)px g{x) + b{x)px 
Iw{x) C |_ — 



K K 



\Iu{x)\ ^ |/^(x)| < {2/K)%{x) + b{x)px]^. 



is proved. 

Ml and §^ yield 



/ f is) ds <{-)'' + 



d 

x\ ■ 



Since by Holder's inequality, 

g{x) + \b{x)\\p.\ < + + 



we get 



On the other hand, by Holder's inequality 

f{s) = {\s\'^/^-'^ + > 2^-'^{\s\'^ + 
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Thus 



/ f{s)ds> [ /(s)ds>22-^/ (|,|'^ + /)-ids 
Jqr Jbr Jbr 



= 22-'^^log[(^)'^ + l], (37) 

where is the area of the unit sphere in M'^. 
Finally, combining ()36p and ()37p and putting 

we conclude that 

^d22-2d^ log[{-y + 1] < 1 + (60 diam Ef. 
a /X 

Recalling the definition of i? = R{u,E) in (j32p . the theorem follows. □ 
8.2 Mean- value inequality 

Let n+ = u V 0. For any finite subset E C 1j'^,p > and any function f on 
E, set 

ii/ib,, := (ii?ri^i/(x)n^/^ 

Lemma 18. For fixed R > and /3 > 2, let rj{x) = rjfilx) := (1 — 
\x 

x\<R be a function on W^. For any (3 > 2 and any function u 
on Bp; such that 

LaU > 

in Bn, we let v = rju^ . Then for any x G Bn with Iv{x) = /^(x, Bn, a) 7^ 0, 

-Lav{x) < Crj^-^/'^R-\+, 

where the constant C depends only on f3 and b^R. 

Proof: We only need to consider the nontrivial case that v ^ 0. For 
s = s{x) £ Iv{x) / 0, recalling the definition of ly one has 

\s\ < 2v{x)/{R - \x\). 

Note that Iv{x) 7^ implies u{x) > 0. If further R^ — |xp > 472 , computa- 



tions as in j7] □ reveal that for y ~ x, 



2-P < !M < 2^, (38) 
r/(x) 

\r]{x) - ri{y)\ < ^21^ R-^r]{xf-^l^ , (39) 

\1^{x) - r^{y) - V77(x)(x - y)\ < - 1)2^ R-^t]{x)^-^/^ , (40) 

\s\ < 4T/i-^/^i?-^ti, (41) 



^Note that i?"^ in [3 (26)] should be R~^. This typo is corrected here, see (|IT1) . 
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where 

Vr] = -2l3xR-^r]^-^/'^ 
is the gradient of r]. For any z €z E, set 

w{z) = v{z) — s ■ {z — x). 
By the definition of s, we have w{x) > w{z) for all z £ E. Then 

v{x) - v{y) = - ^(y)) + - y) 



(42) 



^(y) 



+ 



yjy) - v{x) 
viy) 



(43) 



{w{x) - w{y)). 



We first consider the case when I^{x) / and - jxp > 4.R. By ^ 
for any y ~ x, 



r/(y) - ri{x 



. . (w{x) - w{y)) < f32^R-^r^{xr'/^^{w{x) - w{y)). (44) 

my) v{y) 



Since 



a{x, y)^Y^(u;(x) - w{y)) 



v{y) 



L?7(y) 

by dSl) and (03]), we obtain 

Ya{x,y){v{x) - v{y)) 



'v\x) — v{y))^ -^j—^ s[y — X) +s-o(x), 



v{y) 



<(l + /32'^i2-V^)-i/^)J]a(x,y) 



'v{x) - v{y)) H ^j—^ s{y - x) 



r]{y) 



ri{y) 



+ ^2'^R-^r]{x)-^/'^\s\bo. (45) 
Moreover, recalling that u{x) > (because Iv{x) 7^ 0), 



viy) 

Ya{x,y) 



r]{x)[u{x) — u'^{y)) + (r/(x) — rj{y)^u{x) + ^ v{y)) ^^^-^ 



a>0 



< -r]{x)Lau{x) + a{x, y) 



viy) 

(ry(x) - viy))uix) + 



LaM>0 



< ^a(x,y) 



(?7(x) — r/(y) — Vr]{x)ix — y))u(x) + \f viy)) ^^^-^ 



^(y) 



— V r]{x)h{x)uix) 
< HH^P+^^-^I^R-^u + 2iboR)f]7]'-^/''R-\ 



(46) 
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where we used (f38|) . ([39|) . (f^O]) and (jl2]) in the last inequahty. Hence, by 
([i5]) . (|i6|) and noting R'^r]-'^/^ < 1/4, we conclude that 

^^22/3(23/3 + 35^^)^1-27/3^-2^ 

holds in {x : i?^ _ > 4R,I^{x) / 0}. 

On the other hand, if i?^ - |a;p < 4i?, then t?^/'^ < A/R. Thus by the 
fact that > 0, we have —LaV < v{x) 

By the same argument as in the proof of [7^ Theorem 12], Theorem [T71 
and Lemma [18] imply 

Theorem 19 (Mean- value inequality). For any function u on Br such that 

LaU > 0, X e Br 
and any a £ (0, 1), < p < d, we have 

maxn < C||n~*'||B^^p, 

BctR 

where C depends on a,p,K,d and boR. 

8.3 Proof of the Harnack inequality 

Lemma 20. Suppose u is a non-negative function on Br that satisfies 

LaU < 

in Br. Then for any cr < t < 1, 

minn>Cmin?x, (47) 

BtR B„r 

where C depends on k, d, a, r and b^R. 

Proof: Recall the definition of r/ = r]R{x) in Lemma [181 We will first 
show that there exists a constant /3 = /3((T, b^R, k) such that 

LaV >-{^^ + /3')i?"' in Br \ B„r. (48) 
li R-l<\x\ < R, ri{x) < {2/Rf < R'^ for /3 > 3. Hence for /3 > 3, 

LaV >-V> -2^R~^- 

If (tR <\x\ < R — 1, then y G Br for all y ~ x. Since for i = 1, . . . ,d, the 
third derivative Dfr] of r] with respect to Xi satisfies 

\Dfv\ = |4/3(/3 - l)xiR-W'^^^[^{^ - \x\VR^) - 2(/3 - 2)xj/R^]\ 
<4/3(/3-l)(2/3-l)i2-3, 
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by Taylor's expansion, we have 

1 8 

r/(x + e) - r](x) > Vr](x) ■ e + -e^D'^r](x)e 0^R~^. 

2 6 

Thus 

Lar]{x) = ^ a(x, e)(r/(x + e) - ri{x)) 

e 

> Vrj ■ h{x) + \y2 ^ ^ e)e^D'^r]{x)e - ^/3^R~ 

e 

Noting that 

i|12J,»?<i 

Vr/-6(3;) > -2(6oi?)/3i?"^??^"^/^, 
and for cri? < < — 1, 

a(x, X + e)e^ D'^rj{x)e 

e 

d 

= ^(a(x, X + Cj) + o(x, X - ei))Diir]{x) 



i=l 



d 



1=1 

> 2l3R-^r]^-^/^[AK{l3 - l)^^ - 1], 
we have 

LaT] > [4ac(/3 - l)a^ - 1 - 2boR]R-^r,^-^/^ - p^R-^. 

Hence ([l8|l also holds for aR < \x\ < R — 1 as we take 

1 + 2boR 



/3> 1 + 



8]) is proved. 

Next, let nifj := mins^^ u and := rrLf^r] — u. Then 
maxw > (1 — T'^)^m„ — m,-. 

Since w < in Sg-J? U ^^^^ 

ll48ll 

Law^ > -(2^ + /33)m,i?-3 in Br/B^r, 
we get by the maximum principle that 

max 1(7 < CimcrR~^, 

Br 
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where Ci depends on K,d,a and boR. By ([19|) and ([50]) . 

K 

Therefore, (|17|) holds if R satisfies 

2Ci 



R > 



For R < -^j-^^jp-, it follows by iteration (note ku{x) < u{y) for x ~ y) that 

(fi7|) is proved. □ 

For any z G Z*^ and any n = (ni, . . . , n^) G N'^ , we let 

d 

N{z, n) := [z + JJ[0, - 1]) n Z'^. 
1=1 

We say that N{z,n) is nice if n satisfies maxjj- |nj — nj| < 1. Call |n|oo the 
length of the nice rectangle N{z,n). Intuitively, a nice rectangle is "nearly 
a cube" . 

Proposition 21. Lei u be a nonnegative function on Bfi,R > such that 

LaU < in Bf(. 

Suppose r G {Q,R/^^/ d\ and N = N(z,n) C Qr is a nice rectangle in Qr- 
Then there exists a constant 6 = 6{d, K,bQR) £ (0,1) such that if T C Br 
satisfies 

|rniv| > 6\N\, 



then 



min u > C minii, 
A" r 



where N' = {z + Y^=\[—ni^2ni — 1]) n Z'^ and C depends on K,d,a,T and 
boR. 

Proof: When |n|oo = 1, N is a singleton, and the proposition follows by 
iteration (note that u{x) < Ku{y) for any x ~ y). So we only consider the 
case when the length of is > 2. 

Denote the center of by O^v = + (^, • • • , ^) G (^Z)'^. Setting 
h =: miuj nj/2, we have 

BhiON) C N C B^^^^iON). 
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N' 



Figure 4: is the rectangle in the center. 3^(0^) is the smah circle. 
Since h > > we have 

Suppose for some 6 G (0, 1), 

|rn A^l > 6\N\. 

Let ur =■ minr u and 

V =: ur — u, 
then LaV < and w~'"|r = 0. By Theorem 119^ 

max V < C—— 
BhMOn) \Bh\ „^ , 

< C ; ; max V 



\Bh\ 



Bh{ON) 



\Bk\>c\n\ \N\T\ , , 

< C — — — — max V < 02(1 — S) max v, 

\N\ B,,{On) BaoN) 

where C2 depends on k, d and h^R. Taking 5 = (5(k, d, h^R) big enough such 
that C2(l -5) < 1/2, we get 

1 

max V < — max v. 

Bh/2(ON) 2 Bh(Ojv) 
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Hence 



TherefoD 



Ur — min u < —fur — min u). 

Bh/2(ON) 2 Bu(On) 

■e, noting that (since r 



uy <2 min u 

BhMOn) 



Lemma 1201 
< 



C min u < C min u 



with C depends on k, d and 6oi?. 



□ 



Lemma 22. Lei u he a nonnegative function on Br, R > such that 



Here the constant 7 depends only on k, d and b^R, and 6 is the same as in 
Proposition [21[ 

Proof: We will construct Ts through a cube decomposition procedure. 

Observe that any nice rectangle with length / > 2 can be decomposed 
into (at most 2*^) smaller disjoint nice rectangles whose lengths are either 
[|j or [|j +1. With abuse of terminology, we say that such a decomposition 
is nice. Note that a nice decomposition may not be unique. 

For any T C Qr, set 



Now perform cube decompositions to Qr as follows. Assume that we have 
an imaginary "bag". In the first step, we put Qr into our "bag" if Qr G M, 
and decompose Qr nicely (into at most 2'^ nice rectangles) if otherwise. In 
the second step, we we repeat the same procedure on each of the remaining 
rectangles, i.e. put a rectangle into our "bag" if it is in M, and decompose 
a rectangle (of lengths> 2) nicely if it is not in J\f. So on and so forth. We 
will stop if we have nothing to decompose or all the remaining rectangles 
are singletons in Qr\T. The process will end within finite steps. Denote 
the collection of the rectangles in our "bag" by A/'o(C A/"). 

For £ A/q and N ^ Qr, we denote by A^~^ its prior, i.e, N is obtained 
from a nice decomposition of N~'^ in the previous step. Set Q~^ = Qr and 



LaU < in Br. 



Let r E (0, R/7^/d]. Then for any T C Qr, there exists a subset Ts D T of 
Qr such that either Ts = Qr or \Ts\ > holds, and 



minn > 7minn. 
r 



Af = Af{T) ■.= {N : N is nice and |rn A^] > 6\N\}. 



Ts := (J 



NeAfo 
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Recall the definition of N' for a nice rectangle N in the proof of Propo- 
sition EH For any N G TVq, since |r n iV| > 5\N\ and N'^ C N' , by 
Proposition [21] we have 



Hence, 



minu > minu > 7minM. 

AT-i A" r 



minn > 7minu. 

rs r 



Moreover, note that = Qr when A/q = {Qr}- Otherwise, if A/q / 
{Qr}) we have 

|Fn Af^^l < 5|Af-^| for all G AAq. 
Therefore, if AAq # {Qr}, 

|F| =1 U (FnAf) <| \J [rnN-^] 

N-'<-:NeN'o 

Our proof is complete. □ 
Proof of Theorem ^ 

We only consider the case when a < l/7\/(i- 

For any F C QaR, if \QaFi] < <^^*|r| for some s G N, then we have 

m := min n > 7* min u 
QaR r 

by Lemma [22] and iteration. Hence for t > 0, putting F* := \x G QaR '■ 

u(x) > t}, we get 



IF* 



m > 7 

\\QaR\) 

Note that g := log^ (5 > 0, since 7, 5 G (0, 1). Therefore, for any -p G (0, 

/■ao |-pt| 
/ ^'""'^^^ 



ED 



JJJ f°° rr? 

< mF+ ptP-\—ydt<CmP, 

Jm it 



where C depends on k, d and 5o-R. Combining this and Theorem [TO] the 
Harnack inequality for a < 1 is proved. 

Then case a > then follows by a chaining argument. □ 
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